
 

Cartan Weyl Hopf theorem Let G be a compact
Lie group Let t c g be a maximal

We state provethe
Lie algebra version Abeliansubalgebra Notan ideal

Then Il CartanH XE g I 9 E G AdcakX et

If ti t are two maximal Abelias sis dir's's sorbitof
X under

Ad actionofh

Lets be a tontfrop in G Let g be an element EG

such that g e Z S centralizer of s

Then I T a maximal torus T J 54183

In fact ZIS C T
In particular Z SI is connected

Tmaximal torus SCT

Two key Lemmas T

g ex pix satisfies the closure of g me z

aminta i i iii
integer

xh g has a solution Namely akg canbe
solved in thegroup

Ise Takeuchi p54 55

PI We first pick Xet such that expist F expect
the maximal torus

exp go G is onto if G is compact due to the existence of
bi invariant metric



For YES We consider F g X Adcg Y A function G

F attain its maximum somewhere say go Then

1 X Adlexpisz Aug Y o

X Z Adg 4177 0 He

Adcock X Z 7 0 Hz by invarianceof
C 7

Adcox 47 0

This implies Adcs Y E t by the following claim

Lin Ze t Z X 0 A

A
I Ze t if Adcs Z Z H get
Since clearly Adig 121 2 if ZE T

e's'atey if wet

On theother hand Adigil21 2 adult 7 0 It wet

t.EE
t

47 e
sad

z x 27 0

And Z 0 AdCexpiXZF
Ad T Z Z ZE t bytheabove

Namely Adcs 21 7 HGET El't't Hencethedain
eclaim proves



Now pick Xie ti such that
Tplsxij Ti

expctiJByISiAdCstCXiJeTinH.Yit
Namely Yz Adige Xi E Ta

Yi Adige Xo E T glexpswl expisigow

Agile X alg expest expeski

Tilexpis expist T

Namely Tcg Tag gt.gt.CI Ads tietz Idg
the maximalityof Tilt tz

Smaller is the group the bigger is the centralizer

Let A fs.SI thegroupgenerated
A is Abelian A its connected component which is

a torus Consider A A which is a finite group since G

is compact

If g EA We are done

In general g Io fu h large enough

Let g be the one generates Ao CFA Kek

Consider the equation zh gu g



Solve it in A with a solution Z

Let x g z XI g z g which

generates A

Let B be the group generated by expat with explex

B is an Abelian gorp

A CB Since x g

GE B since g x ZIA
definedas

Since SCA JE B

54191C BC the maximum torus contains
Bist

T
It satisfies

Weylsop WCG

Def D dict T a maximal torus in G is calledthe rankof G

LetNLT be the normalizer of T for a maximal torus T

W NLT T is called the Weyl group

If T T are two maximal Tori 7 I 9T SIT

Then S NLT St N Ta since gag Stig i Inge
Sathi's Stig E T2

the other direction is similar

Hence Ky upto anisomorphism is independent of the choice of T



properties of W

Prop3.35 of ziller
W is finite
IN acts on t via W X Adha

for w n ne NIT well defined

The action is effective

If Ad G x meets t f Xet In Adl ex Adela
a EW

Namely the orbits of X under the adjointaction intersects t.at

the orbitofAdlw x

Adly x meets t orthogonally H X Eg

Pf Note Lie Nlt n In.Z et Hz et

Pick X as in consider n x z H Zet

n x Cut
This implies net by Al in C
Hence Lie NIT t NLT T

NT T
is discrete in a compact space

must be finite

Fr ni na a GET

Adin AdinaAdla Ad hi X Adina x

Since Adia X X a exptz Ad expitz XF etadzy

In If Adin x X H X et nan ta Hae T
NE ZIT T

In E


